Introduction
There is by now a vast analytic theory of Mathieu's equation
5i + (a + bp(t))x = O, p(t) --p(t + 2~),
where a and b are real parameters. Apparently, the first stability diagram was drawn in the classical paper by B. vaN ARNOLD [-3, 5, 6] . This literature contains extensive estimates on the order of tangency of resonance tongues and the behavior of stability boundaries at infinity. A full understanding of the stability diagrams is still lacking. For instance, the appearance of instability pockets in some cases (see Figure 1 ; cf. [15] ) calls for a geometric explanation. It should be noted that this phenomenon does not occur in the classical Mathieu case; cf. [12] . For a preliminary study near resonances using singularity theory, we refer to AFSHARNEJAD [, 1] . Related bifurcational aspects of nonlinear perturbations of Mathieu's equation near resonances were studied by BROER & VEGTER [7] . The global geometry of the symplectic group was used for a stability proof of a Hill equation in LEVI [10] .
We introduce the main object of study of this paper.
Definition 1.
Hill's map is given by H: (a, b) ~ Pa, b, where Pa, b, is the Poincar6 (or period) matrix of (1) . Thus H maps ~2 into SP(1), the 3-dimensional space of symplectic 2 x 2-matrices.
Our driving motivation is to give a global geometric picture of Hill's map. This geometrical approach to this classical problem turns out to be very fruitful, giving a transparant explanation of the nature of the stability domains in the parameter plane.
Let us briefly describe our approach. Stability regions in the (a, b)-plane shown in Figure 1 are the preimages under Hill's map H of the stability domain in the The map H is studied by means of a decomposition H = rc o//, where//: ~2 ~ S is a diffeomorphism to a surface S c ~3 and where 7c is a projection onto N2. The behavior of H now is completely described by the shape of S and in particular by the way in which ~ projects S. This approach is applied to two examples.
We conclude this introduction by summarizing our results. In Section 2 some facts about reversible symplectic 2 x 2 matrices are briefly reviewed.
In Section 3 we study a reversible deformation of the Mathieu equation at the second resonance (a, b) = (1, 0), depending on a parameter e. Local stability diagrams for e ~ 0 are given in Figure 3 . These diagrams can be geometrically understood by putting Hill's map H = H~ into a Whitney normal form, which is a 1-parameter family of folds. This naturally gives a decomposition H = ~ o//; cf. above the matrix I; for e :# 0 the fold line moves away from I, which then is doubly covered by S in a diffeomorphic way. 9 This geometry is persistent under C2-small reversible perturbations of the family. Any LP-small change of q(t) in the class of even periodic functions leads to C2-small perturbations of H.
In Section 4 we consider Hill's equation when p is a square wave: 54 + (a + b sgn cos t)x = 0. We explain the geometry of the whole stability diagram shown in Figure 1 ; cf. VAN DZR PoI. & STRUTT [15] . Note that now the instability pockets have a more complicated combinatorial structure. Again we decompose Hill's map H = n o H, with H: N2 ~ S c N3 a suitable diffeomorphism: see at even resonances. 9 Instability boundaries meeting at the nth resonance have n intersections, counting multiplicity, thereby enclosing the instability pockets. This occurs because the antiprojection line of the nth resonance has exactly n intersection points with S, counting multiplicity. 9 This property persists under LP-small reversible perturbations of Hill's equation. The transversal intersections mentioned above persist, while the quadratic ones are contained in a family of Whitney folds of Section 3.
Sympleetie reversible matrics
Let us consider Hill's equation
5d + q(t)x = O, q(t) = q(t + 2n)
which is equivalent to the time-periodic linear system
(x) l0
z:= 2' Q:= -q Let us denote the Poincar6, or period, map of system (3) by P: z It = o ~ z It= 2~. We recall that P belongs to the symplectic group Sp(1) of 2 x 2 matrices with detP = 1; see [4] . It is well-known that the symplectic group Sp (1) topologically is an open, solid torus; see GELFAND 8r LIDSKII [8] . There are several ways to prove this. One method, following [8] , is to use a polar decomposition P = OH into the orthogonal 
The last equation describes a hyperboloid in R 4 diffeomorphic to S 1 x R 2, i.e., an open solid torus. The stable matrices, i.e., the ones with eigenvalues in $1\{-1, + 1}, are characterized by ItrPI < 2 and therefore by lu] < 1. The corresponding regions are indicated in Figure 3 .
The following well-known proposition is simple to check.
Proposition 2 (Reversible symplectic matrices). If q(-t) =-q(t), the system is reversible, i.e., its Poincar~ map satisfies PRP = R, where R = diag(1, -1).
In the form (4) this is equivalent to z = O, giving the characterization
--v+w u
From now on, by SR (1) we denote the space of reversible symplectic 2 x 2-matrices. SR (1) 
Remark. If qb(t) = q_b(t -c)
, for some constant c, where b is a parameter, then the Poincar6 matrices Pb and P_ b are similar, and thus share stability properties.
As an application of this remark for the equation
5/+ (a ~-b cos t + e cos 2t)x = O,
the stability diagram in the (a, b)-plane for any fixed e is symmetric under reflections in the a-axis. Notice that e = 0 is the classical Mathieu case.
Local creation of an instability pocket by folding

A reversible perturbation of Mathieu's equation
We study the structure of Hill's map in the reversible perturbation of Mathieu's equation:
Near the first resonance (a, b)= ( 88 0), the situation is qualitatively as in the Mathieu case: the stability boundaries meet transversally. The first interesting case arises near the second resonance (a, b) = (1, 0); for stability diagrams cf. Figure 4 . Here H0 turns out to have a fold (see Figure 5) where the e-dependence of H~ is sketched as well. A detailed description of H~ is given below. 
The fold line oJH~ near
Proof. We prove the statements of both theorem and corollary by analyzing the local behavior of our 1-parameter family of Hill's maps
H~: (a, b)~ 2 ~-~ Pa, b;~ESR(1).
Consider the time-dependent Hamiltonian of (6) for this. Here p, = (a -1, b). For details see BROER & VEGTER [7] . We define the corresponding system matrix in sp (1) [7] we have
(Pc(P,) = -88 + ~8(a -1) + slb + O(Ip,12). 
t/= -88 + ~(a-1)b + ~b 2 + O(Ip,13).
For the Jacobian determinant of (13) 
= -~52 -~52(a -1) + O(la -112).
Finally, we easily check t~he following (local) relations between the coordinates (4, ~/) in sr (1) 
A local universal model for the Hill map family He
To better understand the family He we bring it into a Whitney normal form by changing variables in both range and domain as well as reparametrizing 5. Such a compound transformation is referred to as a left-right equivalence; for example, see [14] . Most importantly this serves to establish the qualitative persistence of Theorem 3 in this Hamiltonian reversible setting. As a background for this kind of approach; for example, see ARNOLD [23.
More formally, two families Me and Fe of maps are left-right equivalent if there exist diffeomorphisms (rife, ~b~) as well as a reparametrization p(5) making the following diagram commute.
(~, o) F~ -, (~, o) (~2, o) Mo(% (~, O) Theorem 5 (A Whitney normal form). Within the class of all local C 2 1-parameter families of planar maps that fix the origin, there exists a C2-neiyhborhood of the family H~(a,b), all elements of which are left-right equivalent to Me: (4, t/) e (.~2, 0) ~ (4, q2 _ 25t/) e (N2, 0). Under this equivalence, stability boundaries transform into curves transversal to the image of the fold line.
Proof. By quadratic left-right equivalence we can bring the lower-order terms of (7) into the form M~. The following geometric properties of (7) enable us to do this. In general such a decomposition of a 2-dimensional map involves its graph, which is a surface in ~4. In the present case, however, this surface can be embedded in N3.
Remarks. i. It is unclear whether the left equivalences 7Je can be made to respect the 'cross' ~ = + t/. The fact that for e = 0 only three lines through the origin are involved gives some hope for this.
ii. An example with the coefficient function p(t) = cos t + el cos 2t + e2 sin 2t perturbs away from the reversible setting. Now the image space is 3-dimensional and folding no longer is generic. For e2 = 0 we still are in the above, reversible setting, with the stability diagrams of Figure 4 . For e2 > 0, however, a corresponding stability diagram is shown in Figure 6 .
Here, in the (a, b)-plane we consider the level curves of the 2-parameter family of ~b 2 functions A81,~2 = det L~I, 82 = EzS~,e2 --b2] 8~,e2] 9 Indeed, the zero level of A~ 1, 82, which always contains the resonance (a, b)= (1, 0), exactly gives the stability boundaries. Instead of (1 1) In the parameter region of interest to us, this is a saddle point. Moreover, the function A~, v here has one more saddle point. The point is that the levels of these saddles coincide for ez = 0, while they do not for e2 9 0. This explains the diagrams shown in Figure 6 . iii. At the third resonance (a, b)= (9, 0) the stability boundaries of Mathieu's equation have third order of contact. Here a local analysis of (1) with the 2-parameter deformation p(t) = cos t + ~ cos 2t + ~ cos 3t of coefficient functions is likely to reveal a family of Whitney cusps. A formula manipulator would be helpful here.
Geometry in the large of the Hill equation when p is a square wave
In this section we consider the Hill equation
i.e., equation (1) 
Geometric picture a summary
We consider the Hill map H: R 2 ~ SR(1) associated with the Hill equation (15) . This map wraps and folds the quadrant Q := {(a, b)eR2: a > Ibl} (16) around the cylinder SR(1). This quadrant contains all the interesting parameter values of (15) . In order to unwrap its image, we consider a lift/t to the covering plane SR(1) ~ R 2. This lift still fails to be 1 : 1, due to the 'folding' part: In fact, the analysis below shows that it has infinitely many fold lines and has a transcedental nature.
We give a decomposition H = ~ o H into a diffeomorphism /7 of Q onto a smooth surface S c N3 and a projection n onto the horizontal plane in ~3:
Here ~ is the (skew) projection in the direction (1, 0, -2), as in Figure 7 . The surface S and the map H are specified in Proposition 8 below. Postponing the formulas, we give the geometric corollaries. We show how the properties of the Remarks. i. The existence of n intersections (counting multiplicity) between the boundaries of the nth instability persists under U-small reversible perturbations of Hill's equation with p a square wave.
ii. Under any U-small reversible perturbation, the quadratic tangencies at rn = an, n/2, for even n, are contained in a fold family described in the previous section, in general creating an extra instability pocket.
iii. If the transversality of the two surfaces were shown, it would follow that 0~ are smooth curves. In that case, the term 'at least' in Corollary 7, concerning the numbers of instability pockets, can be replaced by 'exactly'. Although transversality is not easy to establish analytically, it is strongly suggested by numerical evidence.
Decomposiiton of Hill's map
The first step of our analysis of (15) is a rescaling of time, with the aim of making the phase flow a Euclidean rotation for half the period. Setting Writing P2 in the coordinates (u, v, w) of (5) gives (22).
P1 = RT/4, and the skew projection rc is 9iven by (~o, w, T) ~--~ ((p + T, w).
Proof. Since (21) has piecewise-constant coefficients, the Poincar6 map P is the composition
If then
To compute the product (24), we observe a simple but important relation: This shows that S is a saddle near rak, which projects by ~ as a fold. As before, the stability boundaries meeting at a = k 2, b = 0 are the preimages of the two boundaries w = ___ tan(cp -2kre) with tangents dw = +_ do at the resonances ~o = 2k~, w = 0. This leads to the infinitesimal equation +o(b2).
